Abstract. We prove the existence of Morita model structures on the categories of small simplicial categories, simplicial sets, simplicial operads and dendroidal sets, modelling the Morita homotopy theory of (∞, 1)-categories and ∞-operads. We give a characterization of the weak equivalences in terms of simplicial presheaves, simplicial algebras and slice categories. In the case of the Morita model structure for simplicial categories and simplicial operads, we also show that each of these model structures can be obtained as an explicit left Bousfield localization of the Bergner model structure on simplicial categories and the Cisinski-Moerdijk model structure on simplicial operads, respectively.
Introduction
Morita theory describes an equivalence relation between objects with the same type of algebraic structure in terms of their representations. Classically, it was defined for associative and unitary rings. Two rings are Morita equivalent if its corresponding categories of (left) modules are equivalent. This relation can be generalized by replacing rings by small categories enriched in abelian groups [New72] (rings are precisely one object categories of such kind).
In the non-additive setting, that is, for small categories, module categories are replaced by presheaf categories. Thus, two small categories C and D are Morita equivalent if the associated presheaf categories C and D are equivalent. It is a well-known result in category theory that, for a functor f : C → D between small categories, the induced adjunction between the presheaf categories f ! : C − − → ← − − D : f is an equivalence of categories if and only if f is fully faithful and essentially surjective up to retracts; see for instance [EZ76] , [BD86] . In this case, the functor f is called a Morita equivalence. This notion of Morita equivalence can be also extended to the enriched case, where the category of sets is replaced by a monoidal category V, small categories are enriched over V and presheaf categories are replaced by categories of V-enriched functors [Lin74] .
From the homotopical point of view, it is a natural question to ask if Morita equivalences correspond to the weak equivalences of certain model structures, in the sense of Quillen, for the category of algebraic objects under consideration. Enriched Morita homotopy theory has been studied in several contexts. Dell'Ambrogio and Tabuada proved in [DT14b, Theorem 1.1] that if R is a commutative ring, then there exists a model structure in the category of small R-categories whose weak equivalences are the Morita equivalences. In another paper, they studied Morita homotopy theory of C * -categories extending the classical notion of Morita equivalence and proved the existence of a Morita model structure on the category of small unital C * -categories [DT14a, Theorem 4.9]. Another relevant example is the case of DG-categories, that is, categories enriched over chain complexes. Motivated by the study of homological invariants of DG-categories, Tabuada proved in [Tab05, Théorème 5.3 ] that the category of small DG-categories admits a model structure whose weak equivalences are the DG-functors that induce an equivalence between the corresponding derived categories, or equivalently, the functors that are locally quasi-isomorphisms and essentially surjective after taking the idempotent completion of the pretriangulated closure.
The aim of this paper is to develop a Morita homotopy theory for (∞, 1)-categories and ∞-operads. There are different approaches to the theory of higher categories and higher operads in terms of model structures. In this paper, we will use the Bergner model structure on simplicial categories [Ber07] and the Joyal model structure on simplicial sets [Joy08b] , [Lur09] to model (∞, 1)-categories, and the Cisinski-Moerdijk model structure on simplicial operads [CM13] and the operadic model structure on dendroidal sets [CM11] to model ∞-operads.
The main results of the paper are the existence of Morita model structures on the above categories, modelling the Morita homotopy theory for (∞, 1)-categories and ∞-operads, as we now summarize with more detail.
We call a map of simplicial categories a Morita weak equivalence if it is homotopically fully faithful and homotopically essentially surjective up to retracts. Our proof for the existence of the Morita model structure (Theorem 2.20) uses Kan's recognition principle for cofibrantly generated model categories together with the existence of a generating set of retract intervals, following the theory of enriched intervals described in [BM13] . Part (i) is Lemma 2.19, where we show that our definition of Morita weak equivalence coincides with the notion of weak r-equivalence, as introduced by Dwyer-Kan in [DK87] . Part (ii) is Corollary 2.23.
We define the Morita model structure for quasicategories sSets Morita as the left Bousfield localization of the Joyal model structure on simplicial sets with respect to the morphism N (ι) : N (Split) → N (Idem), where N denotes the nerve functor and ι is the fully faithful functor characterizing the functors that lift split idempotents via right lifting property. Our main result in this setting is the following, which is proved in Theorem 3.3 and Corollary 3.5: Morita weak equivalences of simplicial operads are defined similarly as for simplicial categories, that is, they are the homotopically fully faithful maps whose underlying functor of categories is essentially surjective up to retracts. We prove the following result in Proposition 7.8, Theorem 7.7 and Theorem 7.12: The characterization of the Morita weak equivalences in terms of categories of algebras given in part (i) is more involved than in the case of simplicial categories, since we have to deal with multi-linear algebraic structures. In order to handle this problem, we make use of multi-sorted simplicial algebraic theories and Morita equivalences in that context. We describe these notions and its relationship with operads in Sections 4 and 5.
In the case of dendroidal sets, we define the Morita model structure dSets Morita as the left Bousfield localization of the operadic model structure with respect to the morphism N d j ! (ι), where N d is the dendroidal nerve functor and j ! is the left adjoint of the functor that sends an operad to its underlying category. Our main result in this setting is the following, which is proved in Theorem 8.5 and Corollary 8.8: Organization of the paper. In Section 1, we prove the existence of the Morita model structure on small categories. In Section 2, we define the Morita weak equivalences of simplicial categories and prove the existence of the Morita model structure, characterizing the weak equivalences in terms of categories of simplicial presheaves. In Section 3 we define the Morita model structure for quasicategories as a left Bousfield localization of the Joyal model structure and characterize the weak equivalences in terms of slice categories. In Sections 4 and 5 we deal with Morita equivalences of multi-sorted simplicial algebraic theories and its relationship with symmetric operads and cartesian operads. In Section 6, we prove the existence of the Morita model structure on operads. In Section 7, we define the Morita weak equivalences of simplicial operads and prove the existence of the Morita model structure. We then use the results of Sections 4 and 5 to characterize the Morita weak equivalences in terms of categories of algebras. Finally, in Section 8 we define the Morita model structure on dendroidal sets as a left Bousfield localization of the Cisinski-Moerdijk model structure and characterize the weak equivalences in terms of slice categories.
1.1. The canonical model structure. An isofibration of categories is a functor that lifts isomorphisms, that is, a functor that has the right lifting property with respect to the inclusion 0 → J, where 0 is the category with one object and J is the category with two objects 0 and 1 and one isomorphism between them. The category of small categories admits a cofibrantly generated proper model structure, called the canonical model structure, in which weak equivalences are the categorical equivalences, that is, fully faithful and essentially surjective functors; fibrations are the isofibrations; and cofibrations are the functors that are injective on objects; see [JT91, Theorem 4], [Rez00, Theorem 3.1]. A set of generating trivial cofibrations consists of the map 0 → J and a set of generating cofibrations consists of the maps ∅ → 0, 0 0 → I and P → I, where I denotes the category with two objects and exactly one non-identity map between them, and P denotes the category with two objects and exactly two parallel arrows.
The canonical model structure on Cat is a simplicial model structure[Rez00, Theorem 6.2]. Given two categories C and D, the simplicial enrichment is defined as Map(C, D) = N (Iso(Fun(C, D))), where Fun(C, D) denotes the category of functors from C to D and N is the nerve functor from small categories to simplicial sets. Given a category C we denote by Iso(C) the maximal subgroupoid of C, that is, Iso(C) has the same objects as C and the morphisms are the isomorphisms.
1.2. The Morita model structure. We say that a functor f : C → D between small categories is essentially surjective up to retracts if every object in D is isomorphic to a retract of an object in the image of f . Let Idem be the category freely generated by one object 0 and one non-identity arrow e such that e • e = e, and let Split be the category freely generated by two objects 0 and 1 and two non-identity arrows r : 0 → 1 and i : 1 → 0 such that r • i = id.
We denote by ι : Idem → Split the fully faithful functor that sends 0 to 0 and e to i • r. A functor between small categories lifts split idempotents if it has the right lifting property with respect to ι. The functor ι will play an important role throughout the paper. Definition 1.1. A functor between small categories is called a Morita equivalence if it is fully faithful and essentially surjective up to retracts.
An idempotent in a category C is a morphism e : x → x such that e • e = e. An idempotent e splits if e = i • r, with i : y → x, r : x → y and r • i = id. If e splits, then the splitting is unique (up to unique isomorphism) since i is the equalizer and r is the coequalizer of the diagram e, id : x ⇒ x, respectively.
A category in which every idempotent splits is called Cauchy complete or Karoubi complete. Observe that a category C is Cauchy complete if and only if the map C → 0 has the right lifting property with respect to Idem → Split.
There is an explicit construction of the Cauchy completion C of a category. The objects of C are pairs (x, e), where x is an object of C and e : x → x is an idempotent. A morphism g : (x, e) → (x ′ , e ′ ) in C is a morphism g : x → x ′ such that g • e = g = e ′ • g. The canonical functor C → C that sends x to (x, id x ) is a Morita equivalence.
Given a category C, we denote by C its category of presheaves, that is, the category of functors C op → Sets. A classical result in category theory states that the following are equivalent for a functor f : C → D between small categories (see [ Proof. The model structure Cat Morita is the left Bousfield localization of the canonical model structure on Cat with respect to the functor ι : Idem → Split. We just need to identify the fibrant objects and the weak equivalences of the local model structure.
The fibrant objects of Cat Morita are the ι-local categories. It follows from the general theory of homotopy function complexes that if a category C is ι-local, then C → 0 has the right lifting property with respect to ι; see [Hir03, Corollary 17.7.5(2)].
Conversely, let C be a Cauchy complete category. Then the induced functor
is surjective on objects (in particular, essentially surjective). But ι * is also fully faithful, because the splitting of idempotents is unique up to unique isomorphism (in fact, the functor Fun(Split, C) → Fun(Idem, C) is fully faithful if C is Cauchy complete). Thus ι * is an equivalence of categories. Therefore
is a weak equivalence of simplicial sets and hence C is ι-local. The weak equivalences of Cat Morita are the ι-local equivalences. Let f : C → D be a Morita equivalence. For every category A the map f × id A induces an equivalence of categories f * : Fun(D, Sets
The category Fun(C, A) embeds in Fun(C, Sets
is fully faithful and essentially surjective. So, f is a ι-local weak equivalence. Conversely, suppose that f : C → D is a ι-local equivalence. Consider the following commutative diagram
where "overline" denotes the Cauchy completion functor. The vertical maps are Morita equivalences, and therefore ι-local weak equivalences by the argument in the previous paragraph. So f is a ι-local weak equivalence, by the two out of three property for weak equivalences. Since C and D are ι-local, f is an equivalence of categories and hence f is a Morita equivalence.
The Morita model structure for simplicial categories
In the first part of this section we recall some facts about simplicial categories, basically the description of the Bergner model structure on the category of small simplicial categories and its Quillen equivalence with the Joyal model structure on simplicial sets; see [Ber07] , [Joy07] and [Lur09, §2.2.5 and §A.3.2] for details.
In the second part, we prove the existence of the Morita model structure for simplicial categories and characterize the weak equivalences in terms of categories of simplicial presheaves. In order to achieve this, we need to develop a theory of retract intervals similar to the theory of intervals used in the study of the homotopy theory of enriched categories [BM13] . Finally we show that the Morita model structure can be also obtained as an explicit left Bousfield localization of the Bergner model structure.
Simplicial categories.
A small simplicial category C is a small category enriched in simplicial sets. For every two objects a and b of C we denote by C(a, b) the simplicial set of morphisms from a to b. For every three objects a, b and c in C there is a map of simplicial sets called the composition rule
and for every object a in C, there is a map of simplicial sets * → C(a, a), where * is the terminal simplicial set, called the unit. The composition rule is associative and compatible with the units.
A map of simplicial categories f : C → D is a simplicial functor from C to D, that is, a map of sets f : Ob(C) → Ob(D), where Ob(−) denotes the set of objects of the corresponding category, and maps of simplicial sets
compatible with the composition rule, for every two objects a and b of C.
We will denote by sCat the category of small simplicial categories. A simplicial category can be also viewed as a simplicial object in the category of small categories which has the same set of objects in every dimension, and the simplicial operators are the identity on the objects.
If C is a set, we will denote by sCat C the category of simplicial categories with C as set of objects. The morphisms are functors that induce the identity map on the objects.
2.2. The Bergner model structure. Let Cat denote the category of small categories. Then there is a functor π 0 : sCat → Cat, called the path component category, that sends a simplicial category C to the category π 0 (C), which has the same objects as C, and whose morphisms are defined by π 0 (C)(a, b) = π 0 (C(a, b)) for every two objects a and b of π 0 (C).
A map of simplicial categories f : C → D is called homotopically fully faithful or local weak equivalence (respectively a local fibration) if the map
is a weak equivalence (respectively a fibration) of simplicial sets, for every two objects a and b of C. A map of simplicial categories f is called essentially surjective (respectively an isofibration) if the functor π 0 (f ) is essentially surjective (respectively an isofibration of categories). A map of simplicial categories that is homotopically fully faithful and essentially surjective is called a Dwyer-Kan equivalence.
The category of simplicial categories with a fixed set of objects and the category of simplicial categories admit a model structure with weak equivalences and fibrations described in terms of the previous maps [DK80,  A set of generating cofibrations of the Bergner model structure can be described explicitly (see [Ber07, Section 2]). Given a simplicial set X and n ≥ 0, let U (X) denote the simplicial category with two objects 0 and 1 and whose only non-trivial simplicial set of morphisms is U (X)(0, 1) = X. The set I of generating cofibrations of sCat consists of: The set J of generating trivial cofibrations of sCat consists of:
(ii) The inclusions 0 → G, where G runs over all the elements of a generating set of intervals G.
Given n ≥ 0, let [n] be the category freely generated by n + 1 objects and just one non-identity arrow i → i + 1, for 0 ≤ i < n. Cordier described in [Cor82] how to associate to [n] a "simplicial resolution" C * [n] (cf. [Lur09, Definition 1.1.
5.1]).
This construction defines a functor C * : ∆ → sCat which, by left Kan extension, gives an adjunction (2.1)
where the right adjoint is called the homotopy coherent nerve. Given a simplicial category C, the homotopy coherent nerve is defined by 2.3. Homotopy idempotents and retracts. Let Ret be the simplicial set defined as the following pushout Note that the canonical map sCat(C(Ret), C) → sCat(C(∆[2]), C) is injective. Indeed, C preserves pushouts, since it is a left adjoint, and an element [g, f, α] is in sCat(C(Ret), C) if and only if the domain of f and the codomain of g are the same object y of C and α(1) = id y .
Recall that, for a simplicial category C, we denote by π 0 (C) its path component category. A functor b : Split → π 0 (C) is completely determined by two morphisms [r] ∈ π 0 (C(x, y)) and [i] ∈ π 0 (C(y, x)) such that r • i is homotopic to id y in C(y, y). In other words, a retract interval in sCat is a map h : E → R of simplicial categories such that:
(i) The category E has one object 0 and it is cofibrant in sCat {0} .
(ii) The category R has two objets 0 and 1.
(iii) The map h sends 0 to 0 and its associated map h u : h ! E → R is a cofibration in sCat {0,1} . (iv) There is a zigzag of weak equivalences in (sCat
where ι f is a fibrant replacement for ι.
Remark 2.8. Any cofibrant replacement of ι is a retract interval. In particular, CN (ι) is a retract interval 
Lemma 2.10. There exists a generating set of retract intervals in sCat.
Proof. The existence of such a set can be proved along the same lines as in [BM13, Lemma 1.12]. Let I denote the category with two objects and exactly one nonidentity map between them. The categories sCat I /ι f and (sCat I ) I are locally presentable and the inclusion functor
is accessible. The subcategory of weak equivalences W of ((sCat I fib ) Reedy ) I is an accessible and accessibly embedded subcategory; see for instance [Ros09, Theorem 4.1]. Thus, the preimage along the inclusion functor Φ −1 (W) is also an accessible and accessibly embedded subcategory and thus it has a set G ′ of objects that generate it under filtered colimits. But Φ −1 (W) is precisely the subcategory of sCat I /ι f whose objects are of the form
Note that the map E → R is not a retract interval, since it is not cofibrant in general. Let G be the set that consists of taking a cofibrant replacement for every element in G ′ . Then the elements of G are now retract intervals. It then follows that for every retract interval h there is a retract interval g in G and a weak equivalence g → h. By Ken Brown's lemma, we can factor g → f as a trivial cofibration g → g ′ followed by a retraction h → g ′ of a trivial cofibration g ′ → h. This means precisely that G is a generating set of retract intervals.
Remark 2.11. Note that if a fibration in sCat fib has the right lifting property with respect to a generating set of retract intervals G, then it has the right lifting property with respect to every retract interval.
Definition 2.12. Let x and y be two objects in a simplicial category C. We say that (i) y is a strong homotopy retract of x if there exists a retract interval h : E → R and a functor r : R → C such that r(0) = x and r(1) = y; (ii) y is a virtual strong homotopy retract of x if it is a strong homotopy retract of x in a fibrant replacement C f of C in sCat fib ; (iii) y is a (weak) homotopy retract of x if it is a retract of x in π 0 (C).
Our goal is to prove that the three notions defined above are, in fact, all equivalent. The arguments we give are similar to the ones used when dealing with intervals in the study of the homotopy theory of enriched categories (cf. [BM13, Lemma 2.10 and Lemma 2.4]).
Proposition 2.13. Let C be a simplicial category and let x and y be two objects of C. Then y is a strong homotopy retract of x if and only if y it is a virtual strong homotopy retract of x.
Proof. The fact that if y is a strong homotopy retract of x, then y is a virtual strong homotopy retract of y is straightforward.
Conversely, let C f be a fibrant replacement of C in sCat fib and suppose that y is a virtual homotopy retract of x. Then there exist a retract interval h : E → R and a map of simplicial categories r : R → C f such that r(0) = x and r(1) = y. The functor r determines a unique morphism r : h → id C f in sCat I . Now we factor r into a trivial cofibration followed by a fibration
Note that h ′ is also a retract interval. Consider the following pullback square in (sCat
The model structure sCat fib is right proper, since sCat has the same fibrations as sCat fib , the weak equivalences in sCat fib are weak equivalences in sCat, and sCat is right proper. Hence (sCat I fib ) Reedy is also right proper. Therefore, the vertical map on the left is a weak equivalence. In particular, h ′′ is a retract interval. Let p : h → h ′′ be a cofibrant replacement for h ′′ . Then, the map h is a retract interval and the composition k ′ •p : h → id C exhibits y as a strong homotopy retract of x.
Proposition 2.14. Let C be a simplicial category and let x and y be two objects of C. Then y is a virtual strong homotopy retract of x if and only if y it is a homotopy retract of x.
Proof. One direction is clear. We are going to prove that if y is a homotopy retract of x, then y is a virtual strong homotopy retract of x. Let C f be a fibrant replacement of C in sCat fib . Note that since π 0 (C f ) ∼ = π 0 (C), the object y is a homotopy retract of x in C f as well. Hence, there exists a map of simplicial categories r : C(Ret) → C f such that r(0) = x and r(1) = y. By [Lur09, Proposition 4.4.5.6] the map Ret → N (Split) is an inner anodyne map of simplicial sets and thus a trivial cofibration in the Joyal model structure. Hence the map C(ρ) : C(Ret) → C(N (Split)) is a trivial cofibration in both sCat and sCat fib , since C is a left Quillen functor. Therefore, r lifts to a map of simplicial categoriesr :
is the target of a retract interval, namely C(N (ι)), this implies that y is a virtual homotopy retract of x.
2.6. The Morita model structure. In this section we prove the existence of the Morita model structure for simplicial categories. We begin by describing the weak equivalences and fibrations of this model structure. 
Lemma 2.17. A map is a Morita trivial fibration (that is, a Morita fibration which is also a Morita weak equivalence) if and only if it is a local trivial fibration which is surjective on objects.
Proof. By definition, every Morita trivial fibration is a local trivial fibration. So it suffices to prove that a local trivial fibration f : C → D is retract-lifting and homotopically essentially surjective up to retracts if and only if it is surjective on objects.
Suppose that f is retract-lifting and homotopically essentially surjective up to retracts and let a be an object of D. By hypothesis, there exist x in C, a retract interval h : E → R and a map of simplicial categories q : R → D such that q(0) = f (x) and q(1) = a. Consider the following commutative diagram
We can decompose the map x as a composition of a functor which is bijective on objects followed by a fully faithful one, and the same for the map q • h. Thus, we
The vertical map in the middle is a trivial fibration in the category of simplicial categories with one object and the map 0 → E is a cofibration which is bijective on objects. Therefore, x lifts to a mapx. Furthermore, since f is retract-lifting, there exists a map p that makes the first diagram commute. Clearly f (p(1)) = q(1) = a. This proves that f is surjective on objects. Conversely, suppose that f is surjective on objects. Then f is clearly homotopically essentially surjective up to retracts, and it is also retract-lifting by Lemma 2.6.
Following Dwyer-Kan [DK87] a map f of simplicial categories is called a weak r-equivalence if f is homotopically fully faithful and π 0 (f ) is essentially surjective up to retracts.
Let f : C → D be a map of simplicial categories. Then there is a Quillen pair Proof. Suppose that f : C → D is homotopically essentially surjective up to retracts. Let y be an object of D. By assumption there exists an object x in C such that y is a strong homotopy retract of f (x). By Proposition 2.13 and Proposition 2.14 this implies that y is a homotopy retract of f (x). It follows that π 0 (f ) is essentially surjective up to retracts. The converse is obvious.
Recall that given a class I of morphisms in a category with all small colimits we denote by:
(i) I-inj the class of morphisms with the right lifting property with respect to every element in I. (ii) I-cell the class of morphisms obtained as a transfinite composition of pushouts of elements in I. (1) The class of Morita weak equivalences W Morita has the two out of three property and is closed under retracts. (2) I and J Morita admit the small object argument, where I denotes a generating set of cofibrations of sCat.
Condition (1) is clearly satisfied, by Lemma 2.19. Condition (2) follows from the fact that the category of simplicial categories is locally presentable, and condition (3) is Lemma 2.17, since the class J Morita -inj coincides with the class of Morita fibrations, by Remark 2.11.
The class of Morita weak equivalences is closed under transfinite composition. Therefore, to check condition (4) we only need to show that pushouts of maps in J Morita are Morita weak equivalences. All maps of the form
for n ≥ 1 and 0 ≤ k ≤ n are trivial cofibrations in the fibered model structure, hence their pushouts are fibered weak equivalences and, in particular, Morita weak equivalences.
Suppose now that h : E → R is a retract interval in G and consider a pushout square in sCat
The only object of D which is not in the image of k is b(1), which is a strong homotopy retract of b(0) by construction. Hence k is homotopically essentially surjective up to retracts.
It remains to check that k is a local weak equivalence. The square (2.2) can be decomposed into two pushout squares
The map of simplicial categories c is fully faithful and injective on objects. It follows that k ′′ is fully faithful and injective on objects too, and hence, in particular, a local weak equivalence. In the top square the map h u is a trivial cofibration in the fibered model structure, since E(0, 0) → h * (R)(0, 0) is the same as the map h ! E(0, 0) = E(0, 0) → R(0, 0) which is a cofibration by [Mur15, Theorem 7.13]. Therefore k ′ is a fibered weak equivalence and, in particular, a local weak equivalence. It follows by the two out of three property for weak equivalences that k is a local weak equivalence too.
Remark 2.21. The Morita model structure for categories described in Theorem 1.2 can be also constructed by using retract intervals in Cat. The proof is essentially the same as for simplicial categories. The only difference is that, since every object of Cat is fibrant, we can take a set of generating retract intervals consisting of just one object (cf. [BM13, Lemma 2.1]). Thus, for Cat Morita we can take ι : Idem → Split as a sole generating trivial cofibration. The set of generating cofibrations is the same as the one for the canonical model structure. The fact that the model structure obtained this way coincides with the one of Theorem 1.2 is now easy to check, since they both have the same cofibrations and fibrant objects.
2.7. The Morita model structure as a localized model structure. In this section we are going to show that the model structure sCat Morita can be obtained as a suitable localization of the Bergner model structure on simplicial categories. More precisely, we will show that sCat Morita is the left Bousfield localization of sCat with respect to the map ι : Idem → Split. Since the cofibrations in sCat Morita and in sCat coincide, it is enough to prove that the ι-local objects coincide with the fibrant objects of the Morita model structure.
Proposition 2.22. Let C be a simplicial category. The following are equivalent:
(ii) C is fibrant in the Morita model structure.
(iii) C is locally fibrant and has the right lifting property with respect to ChcN (ι).
Proof. We first prove that (i) and (ii) are equivalent. Note that a fibrant object in the Morita model structure is ι-local because ι is a Morita weak equivalence (the Morita model structure is the left Bousfield localization of the Bergner model structure with respect to the class of Morita weak equivalences).
Conversely, let C be a ι-local object and let h be a retract interval. We have to prove that C has the right lifting property with respect to h. Note that C is h-local, since h is weakly equivalent to ι, for every retract interval h. Since h is a cofibration between cofibrant objects in sCat, it follows that C has the right lifting property with respect to h, by [Hir03, Proposition 17.7.5(2)].
To prove the equivalence between (ii) and (iii) observe first that ChcN (ι) is a retract interval, therefore (ii) implies (iii).
Conversely, we have to show that if C has the right lifting property with respect to ChcN (ι), then it has the right lifting property with respect to any retract interval h. This follows by [Lur09, Proposition A.2.3.1], since h is weakly equivalent to ChcN (ι) and both are cofibrations between cofibrant objects. Recall that ι : Idem → Split is the functor defined in Section 1.2 and that N : Cat → sSets denotes the nerve functor. We give a characterization of the N (ι)-local equivalences in Corollary 3.5. The fibrant objects of sSets Morita , that is, the N (ι)-local objects, can be characterized as follows:
an only if it is a quasicategory with the right lifting property with respect to N (ι).
Proof. Suppose that X is N (ι)-local. Then X is fibrant in the Joyal model structure, that is, X is a quasicategory. The map N (ι) is a cofibration between cofibrant objects and hence X has the right lifting property with respect to N (ι), by [Hir03, Corollary 17.7.5(2)].
The converse follows from [Lur09, Corollary 4.4.5.14].
(Lurie uses the notation Idem and Idem
+ for what we call N (Idem) and N (Split), respectively, and he calls a quasicategory idempotent complete if it has the right lifting property with respect to N (ι).)
The Quillen equivalence between simplicial sets with the Joyal model structure and simplicial categories with the Bergner model structure induces a Quillen equivalence between the Morita model structures. Proof. Recall that the homotopy coherent nerve and its left adjoint give a Quillen equivalence C : sSets ⇄ sCat : hcN between simplicial sets with the Joyal model structure and simplicial categories with the Bergner model structure. If we take the left Bousfield localization of the Joyal model structure with respect to N (ι), then using [Hir03, Theorem 3.3.20(1)(b)], we obtain that there is a Quillen equivalence C : sSets Morita ⇄ L CN (ι) sCat : hcN . But the localized model structure L CN (ι) sCat is the same as sCat Morita , since CN (ι) ∼ ι; see Remark 2.8.
The functor C preserves and reflects all weak equivalences between the Morita model structures, since all objects in sSets Morita are cofibrant. This allows us to give a characterization of the weak equivalences in the Morita model structure for simplicial sets as we now explain.
Recall that a map of simplicial sets is called a right fibration (respectively a left fibration) if it has the right lifting property with respect to the horn inclusions Λ[n, k] → ∆[n] for 0 < k ≤ n (respectively for 0 ≤ k < n). For every simplicial set X there is a model structure on the slice category sSets/X called the contravariant model structure whose cofibrations are the monomorphisms and whose fibrant objects are the right fibrations. Similarly, there is also a model structure on sSets/X called the covariant model structure whose cofibrations are the monomorphisms and whose fibrant objects are the left fibrations.
Given a simplicial set X there is an adjunction Proof. A map f is a weak equivalence in the Morita model structure for simplicial sets if and only if C(f ) is a weak equivalence in the Morita model structure for simplicial categories. For every map of simplicial sets f : X → Y the diagram
commutes up to natural isomorphism. The result follows from Theorem 2.18, Lemma 2.19 and Theorem 3.4.
Remark 3.6. Given a simplicial set X, we denote by X op the opposite simplicial set, that is, the simplicial set obtained by composing the functor X : ∆ op → Sets with the automorphism of ∆ which reverses the order relation on each ordinal. The result in [Lur09, Theorem 2.2.1.2] establishes a Quillen equivalence between sSets/X op with the contravariant model structure and sSets C(X) with the projective model structure. Since the functor (−)
op induces a Quillen equivalence between sSets/X op with the contravariant model structure and sSets/X with the covariant model structure, Theorem 3.4 immediately follows.
Also note that ι = ι op , so f : X → Y is a Morita weak equivalence of simplicial sets if and only if f op : X op → Y op is so. Therefore, we also have that f : X → Y is a weak equivalence in the Morita model structure sSets Morita if and only if it induces a Quillen equivalence f ! : sSets/X ⇄ sSets/Y : f * between the slice categories with the contravariant model structures.
Morita equivalences of algebraic theories
In the previous section we have looked at (small) simplicial categories as presentation of linear algebraic structures in sSets. By linear, we mean here a structure which is described by operations with only one input and one output. From this point of view, the function complexes of a (small) simplicial category C represent the operations of the associated algebraic structure, whose category of algebras (or representations) is nothing but sSets C . Thus, in the light of Theorem 2.18 (and Lemma 2.19), the Morita model structure on simplicial categories we described in Section 2 provides models for the homotopy theory of linear algebraic structures in sSets: two simplicial categories are Morita equivalent if and only if the homotopy theories of their categories of algebras are equivalent.
In the following sections, we consider the category sSets endowed with its cartesian (hence, in particular, symmetric monoidal) structure and we extend the results of the previous sections to the theory of multi-linear algebraic structures, that is, those structures in which operations may have several inputs.
The generality of the term multi-linear algebraic structure can change if we choose to consider sSets with the cartesian product as a cartesian category or simply as a symmetric monoidal category.
Multi-linear algebraic structures that are expressed in the semantic of cartesian categories are presented by multi-sorted simplicial algebraic theories or, equivalently, by cartesian operads. Algebraic theories can provide presentations for any algebraic structure expressed in the semantic of cartesian categories.
Multi-linear algebraic structures which are expressed in the (less rich) semantic of symmetric monoidal categories can be presented more succinctly (and often more efficiently) by symmetric operads.
As explained by Kelly in [Kel05] (and summarized in Section 5), symmetric operads and algebraic theories can be seen as the same kind of monoidal object in two different contexts: the cartesian one and the symmetric monoidal one.
In this section we focus on the cartesian context, that is, simplicial algebraic theories. Our goal is to prove Corollary 4.18, showing that Theorem 2.18 can be extended to algebraic theories, providing a characterization for Morita weak equivalences of simplicial algebraic theories.
In [Bad02] (for one-sorted algebraic theories) and [Ber06] (for multi-sorted algebraic theories) two models are presented for the homotopy theory of algebras over a (simplicial) algebraic theory T : a model structure on the category of algebras (or strict model ), and a model structure obtained as localization of the projective model structure on sSets T , in which the fibrant objects are the weak models for T . In those papers, Badzioch and Bergner also proved the equivalence of these two approaches.
In order to prove Corollary 4.18, we roughly proceed as follows. First we show that if f : A → B in Theorem 2.18 is a map of algebraic theories, the equivalence restricts to an equivalence between the weak models of the two theories (Theorem 4.17). We then exploit the above mentioned equivalence between the weak models and strict models to conclude that f induces a Quillen equivalence between the respective categories of algebras.
4.1. Multi-sorted algebraic theories. Let S be a set and let Sq(S) denote the set of finite words or finite sequences over S. Let M be a cartesian category. An S-sorted M-algebraic theory T is a small M-category with finite products whose objects consist of finite sequences a 1 , . . . , a n in Sq(S) with n ≥ 0, and such that for every a = a 1 , . . . , a n and b = b 1 , . . . , b k in Sq(S) there is an isomorphism ab = a 1 , . . . , a n , b 1 , . . . , b k ∼ = a 1 , . . . , a n × b 1 , . . . , b k = a × b.
A multi-sorted M-algebraic theory is an S-sorted M-algebraic theory for some set S.
A morphism from an S-sorted M-algebraic theory T to an S ′ -sorted M-algebraic theory T ′ is a pair (f, ϕ) where ϕ : S → S ′ is a function of sets and f : T → T ′ is a product-preserving M-functor such that f (a) = ϕ(a) for every a in S. We will denote by M-AT h the category of multi-sorted M-algebraic theories (cf. Section 5.4).
Let S be a fixed set of sorts. The category M-AT h S has as objects the S-sorted M-algebraic theories and as morphisms the morphisms of algebraic theories that are the identity on S.
Let M = Sets and denote Sets-AT h simply by AT h. There is a forgetful functor u : AT h −→ Cat that sends each algebraic theory to its underlying category. By abuse of notation, we denote u(T ) simply by T when no confusion can arise. Given an algebraic theory T , the category of T -algebras Alg(T ) is the full subcategory of Sets T spanned by the product preserving functors. As in the case of Morita equivalences of categories (see Section 1.2), the Morita equivalences of algebraic theories can be characterized in terms of its categories of algebras. The following are equivalent for a map f : S → T between algebraic theories:
(i) f : S → T is a Morita equivalence.
(ii) The extension-restriction adjunction f ! : Alg(S) ⇄ Alg(T ) : f * is an equivalence of categories. To show that (i) implies (ii) we use that for every morphism f of algebraic theories the extension-restriction adjunction associated to the functor u(f ) restricts to an adjunction between the respective categories of algebras. The proof that (ii) implies (i) is essentially contained in part (2) of the proof of [ASS06, Theorem 2.7].
Simplicial algebraic theories and their algebras.
A multi-sorted simplicial algebraic theory is a multi-sorted algebraic theory enriched over simplicial sets. We will denote by sAT h be the category of multi-sorted simplicial algebraic theories. There is a forgetful functor u : sAT h −→ sCat that sends each simplicial algebraic theory to its underlying simplicial category. By abuse of notation, we denote u(T ) simply by T when no confusion can arise.
For every simplicial algebraic theory T , its category of algebras sAlg(T ) is the full subcategory of sSets T spanned by the product preserving simplicial functors. The inclusion N : sAlg(T ) → sSets T that sends a simplicial T -algebra X to sAlg(h (−) , X) ∼ = X, where h denotes the corepresentable functor, has a left adjoint that we call S.
Let T be an S-sorted simplicial algebraic theory. For every object a in T of the form a 1 , . . . , a n , let h a be the corepresentable functor T (a, −) in sSets T , and let p a be the canonical map
Observe that h a is product preserving, that is, it is in the essential image of N. We denote by L T = {p a | a ∈ Sq(S)} the set of all such maps. A simplicial functor F in sSets T is in the (essential) image of N if and only if it is orthogonal to L T , that is, if and only if the induced map
is an isomorphism for every a in Sq(S). Given a morphism of simplicial algebraic theories f : S → T , the extensionrestriction adjunction associated to the simplicial functor u(f ), restricts to an adjunction between the respective categories of algebras, as represented by the following commutative diagram of adjunctions:
The homotopy theory of algebras over an algebraic theory. Let T be an S-sorted simplicial algebraic theory. The projective model structure on sSets T can be transferred to a model structure on sAlg(T ) along N to model the homotopy theory of simplicial algebras over T ; see [Rez02, Theorem 7.1]. We will always consider sAlg(T ) with this model structure.
Theorem 4.2 (Rezk). Let T be an S-sorted simplicial algebraic theory. Then the category of algebras sAlg(T ) admits a right proper simplicial model structure in which a map X → Y is a weak equivalence (respectively a fibration) if and only if for every a in Sq(S), the map X(a) → Y (a) is a weak equivalence (respectively a fibration) of simplicial sets.
Given a map of simplicial algebraic theories f : S → T , the extension-restriction adjunction f ! : sAlg(S) − − → ← − − sAlg(T ) : f * is a Quillen pair. A model for the theory of homotopy algebras over T can be obtained by left Bousfield localizing the projective model structure on sSets T with respect to the set of maps L T = {p a | a ∈ Sq(S)}; see [Ber06, Proposition 4.9] and [Bad02, Section 5]. We will denote this localization by sSets T wm and we will call its weak equivalences L T -local equivalences. Definition 4.3. Let T be an S-sorted algebraic theory. A functor X in sSets T is called a weak model or a homotopy T -algebra if for every a = a 1 , . . . , a n in Sq(S) the induced map of simplicial sets (p a ) * : X(a) −→ X(a 1 ) × · · · × X(a n ) is a weak equivalence.
The fibrant objects in sSets 
Definition 4.6. A map f of simplicial algebraic theories is called a Morita weak equivalence if u(f ) is a Morita weak equivalence of simplicial categories.
Our goal is to prove that the adjunction (f ! , f * ) on the right in (4.1) is a Quillen equivalence if and only if f is a Morita weak equivalence of algebraic theories. Thanks to Theorem 4.4, we can equivalently prove that f is a Morita weak equivalence if and only if the vertical adjunction in the middle of (4.1) is a Quillen equivalence. We will show this in Corollary 4.18.
4.4.
Homotopy left Kan extensions and weak models. Let C be a small simplicial category. Given a finite sequence of objects c = {c i } n i=0 of C, we will denote by C(c) the simplicial set n−1 i=0 C(c i , c i+1 ). Consider two simplicial functors X and Y in sSets C and sSets C op , respectively. The (two sided) bar construction of X and Y is the bisimplicial set B • (X, C, Y ) which is defined as
for every m, n ≥ 0. Thus, an element of B n (X, C, Y ) m is represented by a tuple (c | x; {α i } n−1 i=0 ; y), where:
We will denote by the symbol B • (F, C, G) the simplicial set obtained as the diagonal of the bisimplicial set B • (F, C, G).
Let f : C → D be a map of simplicial categories and consider the right C-module
It is well known that for every left C-module X in sSets C the left Kan extension of X along f , denoted by f ! (X), is isomorphic to the coend
D be the functor that assigns to each d in D the bar construction B • (X, C, D(f (−), d) ). The homotopy left Kan extension of X along f , denoted byf ! (X), can be computed as the diagonal of f (X). In other words,
for every d in D and n ≥ 0. This assignment extends to a (simplicial) functor
The functorf ! has a right adjointf * defined as
for every Y in sSets D and c in C; see [DK87, §3] for more details about the construction of the functorsf ! andf * .
The following result can be found in [DK87, §3. Let T be a simplicial algebraic theory and suppose that g : X → Y is a weak equivalence in sSets T with the projective model structure. Then X is a weak model if and only if Y is a weak model, since weak equivalences are closed under taking products.
Proposition 4.9. Let T be a simplicial algebraic theory. A map g : X → Y between weak models in sSets T is an L T -local equivalence if and only if it is a projective weak equivalence.

Proof. Using the factorization axioms of model categories in sSets
T with the projective model structure we can find a commutative diagram
such that X and Y are fibrant in sSets T . Since X and Y are weak models, so are X and Y . Therefore X and Y are fibrant in sSets T wm . Since sSets T wm is a left Bousfield localization of the projective model structure on sSets T , the map g is an L T -local equivalence if and only if it is a projective weak equivalence. The vertical maps are projective weak equivalences, so g is an L T -local equivalence if and only if it is a projective weak equivalence.
Proposition 4.10. For every morphism f of simplicial algebraic theories the functorf * sends weak models to weak models.
Proof. Since f is product preserving, the functor f * preserves weak models. The statement then follows from Proposition 4.7(i). Proof. It is enough to prove thatf ! preserves cofibrations andf * sends weak equivalences between fibrant objects to weak equivalences. Since sSets S wm is a left Bousfield localization it has the same cofibration as sSets S , sof ! clearly preserves cofibrations.
Let g be an L T -local equivalence between fibrant objects. Since fibrant objects in sSets T wm are in particular weak models, g is a projective weak equivalence, by Proposition 4.9. Hencef * (g) is a projective weak equivalence in sSets S by Proposition 4.7(ii). But sincef * preserves weak models, by Proposition 4.10,f * (g) is an L S -local equivalence, again by Proposition 4.9.
Remark 4.12. Since by Proposition 4.7 the functor f * is weakly equivalent tof * , it follows that for every morphism f : S → T of simplicial algebraic theories the adjunctionf ! : sSets Proof. Let f : S → T be a map of simplicial algebraic theories. It suffices to prove that if X is a weak model for S, then the canonical map
is a weak equivalence for every a, b in T . We can consider two bisimplicial objects associated to X, namely:
We are also going to consider the following auxiliary bisimplicial object:
Given two finite sequences of the same length u = {u i } n i=0 and v = {v i } n i=0 of objects in S we will denote by (u, v) the sequence {(u i , v i )} n i=0 of objects of S × S and by uv the sequence {u i v i } n i=0 in S. There are natural morphisms
Since the diagonal of δ is isomorphic to p, in order to prove our statement it is sufficient to prove that δ is a levelwise weak equivalence, by the realization lemma for bisimplicial sets.
The morphism φ is a levelwise weak equivalence, since X is a weak model. By the two out of three property it is then enough to show that ψ is a levelwise weak equivalence.
For every n, m ∈ N the set ((f × f )(X)(a, b)) m,n is isomorphic to u0,...,un∈S v0,...,vn∈S
and the set (f (X)(ab)) m,n is isomorphic to u0,...,un∈S
There is also a morphism σ :
. We are going to prove that σ m• is a homotopy inverse for ψ m• for every m ∈ N. We begin by exhibiting a simplicial homotopy J from id to (σψ) m• . Recall that a simplicial homotopy between two maps of simplicial sets f, g : X → Y can be defined by giving for every n ∈ N a set of functions {H 
For every sequence u in A n+1 and 0 ≤ j ≤ n we define three objects u ⋆j , u |j and u j| in A n+2 as follows:
The homotopy J is defined as follows: for every n ∈ N, every 0 ≤ j ≤ n, and every
. . , α n−1 ×β n−1 ; g, h).
The collection {J n j } n∈N,0≤j≤n defines a simplicial homotopy from (σψ) m• to the identity.
To conclude we have to exhibit a homotopy K from (ψσ) m• to the identity. For every n-simplex (u | x;
The homotopy K is defined by the requirement that for every n ∈ N every 0 ≤ j ≤ n and every n-simplex (u | x;
It is easy to check that K is indeed a well defined homotopy.
Corollary 4.14. For every morphism f : S → T of simplicial algebraic theories the functorf ! sends L S -local equivalences between weak models to L T -local equivalences.
Proof. Sincef ! preserves projective weak equivalences by Proposition 4.7(ii), the result follows from Proposition 4.9 and Proposition 4.13. 
Proof. We only prove part (i); the proof of part (ii) is analogous. Let X be a weak model in sSets S and let X be a projective cofibrant replacement of it. Let f ! X and f ! X be projective fibrant replacements off ! X andf ! X, respectively. Consider the commutative diagram in sSets S :
where all the arrows except η X and η X are projective weak equivalences, by Proposition 4.7(ii). If (f ! ,f * ) is a Quillen equivalence, then the bottom horizontal composition is an L S -local equivalence, hence η X is an L S -local equivalence. Note that X is a weak model since X is so. By Proposition 4.9 it follows that η X and η X are L S -local equivalences.
Recall that given a simplicial category C and an object c of C, we denote by h c the corepresentable functor C(c, −) : C → sSets. 
is a weak equivalence for every c ′ in C. We have a commutative diagram
Since i and r are weak equivalences, so is the map on the left. Hence, f is homotopically fully faithful.
To show that f is homotopically essentially surjective we use the same argument as in the proof of [DK87, Theorem 2.1]. Let d be any object of D and consider the weak equivalencef Proof. Suppose that the morphism of simplicial algebraic theories f : S → T is a Morita weak equivalence of algebraic theories, that is, the underlying map of simplicial categories is a Morita weak equivalence. We have to show that for X cofibrant in sSets S wm and Y fibrant in sSets T wm , a morphism α : X →f * Y is an L S -local equivalence if and only if the adjointᾱ :
First, we factor the map α into an L S -local trivial cofibration β followed by a an L S -local fibration γ, and we consider the following commutative diagrams:
Thus, α is an L S -local equivalence if and only if γ is a projective trivial fibration. But γ is a projective weak equivalence if and only ifγ is a projective weak equivalence. Sinceγ is a map between weak models,γ is a projective weak equivalence if and only if it is an L T -local equivalence by Proposition 4.9. Finally,γ is a L T -local equivalence if and only ifᾱ is. Conversely, suppose that (f ! ,f * ) is a Quillen equivalence. Then, by Lemma 4.15 the unit and the counit of (f ! ,f * ) are weak equivalences on weak models. It follows that f is an r-equivalence by Proposition 4.16, since corepresentable functors are weak models.
Corollary 4.18. A map of f : S → T of simplicial algebraic theories is a Morita weak equivalence if and only if the induced Quillen pair
Proof. The result follows from Theorem 4.17, Remark 4.12 and Theorem 4.4.
Symmetric operads, cartesian operads and algebraic theories
In this section we are going to recall the definition of (coloured) symmetric operad and cartesian operad enriched in a cartesian category M. Although classically coloured operads are defined as sequences of objects together with a composition product and a unit (see, for instance, [BM07] for an account), for the purpose of this paper it will be more useful to define operads as monoids in certain categories of collections.
Even though the definitions and results of this section will be given for a general cartesian category M, we will only need to consider the cases in which M is Sets or sSets in the rest of the paper. 5.1. Symmetric and cartesian ordered sequences. Let Fin be a skeleton for the category of finite sets. Each object of Fin is uniquely determined by its cardinality. Let Σ be the wide subcategory of Fin spanned by all the isomorphisms.
Let C be a fixed set. We will denote by Fin C and Σ C the comma categories Fin ↓ C and Σ ↓ C, respectively. Their objects can be represented as finite sequences c = (c 1 , . . . , c n ) in C. For such a sequence c we denote by |c| its cardinality. The sequence of cardinality zero will be denoted by [−] . The categories Fin op C and Σ op C can be characterized as being the free cartesian category generated by C and the free symmetric monoidal category generated by C, respectively.
Let Sign(C) and CSign(C) denote the categories Σ C × C and Fin C × C, respectively. The objects of these categories will be written as (c; c), where c is an object of Σ C or Fin C , respectively, and c ∈ C. The inclusion of Sign(C) into CSign(C) will be denoted by
Note that both Fin C and Σ C have as set of objects the set of finite ordered sequences of elements of C. Let (M, ×, * ) be a bicomplete closed cartesian category. We will call M
Sign(C)
and M CSign(C) the category of symmetric C-coloured M-collections and the category of cartesian C-coloured collections, respectively. We will denote by ⊗ both Day convolution tensor products on the categories M FinC and M ΣC . Observe that ⊗ on M FinC is isomorphic the cartesian product [Kel05, §8] .
By the universal property of Fin op C , this extends to a product preserving functor
In the same way, for every symmetric C-collection O in M Sign(C) we get a functor
Symmetric operads and cartesian operads.
There is a non-symmetric monoidal product ⊙ on M Sign(C) defined as the coend:
In this formula, we identify O with an object of (M FinC ) C and P (−) as an object of (M Fin C so that the (parametrized) coend defined on the right is indeed an object of M CSign(C) . The unit for this monoidal product is given by the C-collection I C given by:
Similarly, there is a non-symmetric monoidal product ⊙ on M CSign(C) defined as the coend:
The unit of this product is the object
The category of monoids in (M Consider the left extension-restriction adjunction between symmetric and cartesian collections, induced by the morphism p defined in (5.1)
restricts to an adjunction between C-coloured symmetric operads and C-coloured cartesian operads in M:
Proof. The functor p ! preserves the monoidal product [Kel05, §8] and I ′ C = p ! (I C ). Hence, p ! is strong monoidal functor. It follows that the right adjoint p * is a lax monoidal functor. So both functors preserve monoids.
In the follow up we will need a more explicit description of the left adjoint p ! . For every c in CSign(C) let us denote by Ord c the full subcategory of p ↓ c spanned by those objects f : b → c such that the underlying map of finite sets f : {1, . . . , |b|} → {1, . . . , |c|} is an ordered map. Proof. We have to show that for every object d in p ↓ c, the comma category d ↓ i is non-empty and connected. This follows from the fact that every map of finite sets factors into a bijection followed by an ordered map, and the ordered map is uniquely determined.
The preceding lemma can be used to simplify the computation of p ! . Explicitly, for every operad O in M-Oper C and every (c; d) in CSign(C) we have that
where, for every f : (b, d) → (c, d) in Ord c , the group Σ f is defined to be the subgroup of Σ C (b, b) spanned by the automorphisms that fix the fibers of f , this is,
for every i ∈ {1, . . . , |b|}}. Here we identify Σ C (b, b) with a subset of Σ |b| .
5.3.
From symmetric operads to algebraic theories. We can associate to every cartesian C-coloured M-operad O a C-sorted M-algebraic theory PO as follows: for every c, d ∈ Sq(C) we set
One can check that the category of PO-algebras is equivalent to the category of O-algebras in M. This construction defines a functor P : M-COper C → M-AT h C which is actually an equivalence of categories. Its inverse functor C assigns to every C-sorted M-algebraic theory T the cartesian M-operad C(T ) defined as
We can now compose the functors p ! and P to get a functor
that associates to each symmetric M-operad an M-algebraic theory. Explicitly, for every O in M-Oper C and every c, d ∈ Sq(C), we have that
The category of O-algebras is equivalent to the category of T(O)-algebras in M.
5.4. Change of colours. Let f : C → D be a function between sets. This function extends to two functors
The restriction functors
are both monoidal, therefore they restrict to functors
There is also an evident functor
It is easy to see that these assignments are natural in f . In other words they extend to functors:
We can apply the (contravariant) Grothendieck construction to Op and COp to get two categories M-Oper and M-COper fibered over Sets. The category M-Oper is called the category of symmetric coloured M-operads while the category M-COper will be called the category of cartesian coloured M-operads.
In the same way we can construct the category (fibered over Sets) of multi-sorted algebraic theories M-AT h. The category M-AT h is equivalent to M-COper. The functors p ! and P considered in the previous sections define (pseudo)natural transformations between Op and COp, and COp and ATh, respectively. In fact, p ! f * ∼ = f * p ! and Pf * ∼ = f * P, for every function f : C → D. Via the Grothendieck construction, these natural transformations correspond to a diagram of functors
which is natural in M for functors that preserve products and colimits.
6. The Morita model structure for operads
In this section, we endow the category of operads in sets with the Morita model structure and, using the results of the previous sections, we characterize the weak equivalences in terms of equivalences of categories of algebras. We start by recalling the canonical model structure on operads, which extends the canonical model structure on small categories described in Section 1.1. The right adjoint j * associates to every C-coloured operad its underlying category with set of objects C. More explicitly, j Given two operads O and P, we can define a simplicial enrichment
where Fun(O, P) is the operad of morphisms from O to P. With this simplicial enrichment, the canonical model structure on Oper is a simplicial model structure (like the canonical model structure on Cat; see Section 1.1). This can be seen by using that the canonical model structure on Oper is a Cat-model structure, by [Lac07, Theorem 4.3] , and the fact that N (Iso(−)) preserves fibrations and trivial fibrations. As above, a morphism of operads f is essentially surjective up to retracts if and only if j * (f ) is essentially surjective up to retracts. Morita equivalences of operads can be characterized similarly as for categories. The Cauchy completion O of an operad O can be defined as follows: the colours are pairs (c, e), where c ∈ C and e ∈ O(c; c) is an idempotent operation. An operation in O ((c 1 , e 1 ), . . . (c n , e n ); (c, e) ) is an operation p ∈ O(c 1 , . . . , c n ; c) such that p • (e 1 , . . . , e n ) = p = e • p. The canonical morphism O → O that sends c to (c, id c ) is a Morita equivalence.
The following statements are equivalent for a morphism f : O → P of operads:
(i) f is a Morita equivalence.
(ii) f : O → P is an equivalence of operads. 
To identify the weak equivalences and the fibrant objects one proceeds as in the proof of Theorem 1.2.
Remark 6.3. Let η denote the terminal category seen as an operad. Then, under the identification Cat = Oper/η, we can recover the Morita model structure Cat Morita of Theorem 1.2 from the standard model structure on the slice category Oper/η induced by that of Theorem 6.2.
6.3. A characterization of Morita equivalences of operads. In this section we characterize the Morita equivalences between operads in Sets as those morphisms of coloured operads which induce an equivalence of categories between the respective categories of algebras. We will use the notation and results of Section 5 in the particular case M = Sets.
We will now show that a morphism f of coloured operads in Sets is a Morita equivalence if and only if the morphism of algebraic theories T(f ) is a Morita equivalence of algebraic theories, or equivalently, if and only if the induced adjunction (f ! , f * ) between the categories of algebras is an equivalence of categories.
Lemma 6.4. A morphism f between symmetric coloured operads in Sets is fully faithful if and only if the associated functor of algebraic theories T(f ) is fully faithful.
Proof. Let f : O → P be a morphisms of symmetric coloured operads. Let C be the set of colours of P. For every (c; c 0 ) in Sign(C) the following diagram commutes:
where the bottom horizontal arrow is isomorphic to
From the description of the components of T(f ) it is clear that if f is fully faithful, then T(f ) is fully faithful.
On the other hand, it follows from the commutativity of the above diagram that if T(f ) (c,c0) is an isomorphism, then f (c;c0) is an isomorphism. Since (c, c 0 ) was chosen arbitrarily, this proves that if T(f ) is fully faithful then f is fully faithful. Proof. By assumption there exist
This implies that there exists 1 ≤ k ≤ |b| such that a g(k) = c and a
and set
By construction g ′ f ′ = id c and therefore c is a retract of d g(k) . 7.1. The Cisinski-Moerdijk model structure. Cisinski and Moerdijk proved that there exists a cofibrantly generated model structure on sOper that extends the Bergner model structure on sCat and models the homotopy theory of ∞-operads; see [CM13, Theorem 1.14]. We call this model structure the Cisinski-Moerdijk model structure on simplicial operads and we denote it by sOper CM .
The weak equivalences in the Cisinski-Moerdijk model structure, that we call operadic weak equivalences, are the operadic analogues of the Dwyer-Kan equivalences of simplicial categories. They are explicitly defined as follows: is a weak equivalence (respectively a fibration) of simplicial sets, for every (c, c) in Sign(C).
(ii) An operadic weak equivalence if it is homotopically fully faithful and π 0 (f ) is an equivalence of operads. The adjunction (6.1) extends to an adjunction between the categories of simplicial categories and simplicial coloured operads
Moreover, (j ! , j * ) is a Quillen pair between the Bergner model structure on sCat and the Cisinski-Moerdijk model structure on sOper.
7.2. The Morita model structure. In this section, we prove the existence of the Morita model structure for simplicial operads. We begin by describing the weak equivalences and fibrations of this model structure. The aim of this section is to prove that there exists a model structure on the category of simplicial coloured operads in which the class of weak equivalences is the class of Morita weak equivalences. Its fibrations are the natural generalization of the Morita fibrations of simplicial categories. Observe that, given a coloured operad O and two colours x, y in O, we have that y is a (homotopical) retract of x if and only if y is a (homotopical) retract of x in j * (O). Proof. It is enough to prove that if f is a local fibration, then j * (f ) is retract-lifting and essentially surjective up to retract if an only if j * (f ) is surjective on objects. This follows from Lemma 2.17.
For every simplicial set X and every n ∈ N, let C n [X] be the unique simplicial coloured operad with set of colours {0, 1, . . . , n} such that
The assignment C n [−] is clearly functorial in X for every n ∈ N. Consider the set of morphisms of simplicial operads Proof. As in the proof of Theorem 2.20, we have to check the four conditions of Kan's recognition principle for cofibrantly generated model categories. Condition (i) is easily checked, and condition (ii) readily follows from the fact that sOper is locally presentable. Lemma 7.5 guarantees that condition (iii) holds. The only requirement left to check for Kan's recognition principle is that the class J Morita -cell is contained in the class of Morita weak equivalences. Since Morita weak equivalences are closed under transfinite composition and all the maps in J loc are operadic weak equivalences, it is enough to check that for Proof. The proof uses the same arguments as in the proof of Lemma 6.4. The main difference being that in this case we are dealing with weak equivalences instead of isomorphisms.
We need to check that in the commutative diagram (6.2) the top horizontal map is a weak equivalence if and only if the bottom horizontal map is a weak equivalence. This will follow at once from the following facts about projective model structures on simplicial sets (we use the same notation as in the proof of Lemma 6.4): Σα , which is a projective weak equivalence, then f /Σ α : X/Σ α → Y /Σ α is a weak equivalence of simplicial sets. (iii) A coproduct of maps i∈I f i in sSets is a weak equivalence if and only if f i is a weak equivalence for every i ∈ I.
Consider the functor π 0 : sSets → Sets. This functor preserves products and colimits and thus, by naturality of diagram (5.3), it induces a commutative diagram Proof. The equivalence between (i) and (ii) follows directly from Proposition 7.10 and Proposition 7.11. The equivalence between (ii) and (iii) follows from Corollary 4.18 and the fact that for every operad O, the categories of O-algebras and T(O)-algebras are equivalent.
Remark 7.13. The hypothesis of Σ-cofibrancy in the previous theorem might seem restrictive and technical. However, it is helpful to keep in mind the following two facts: every cofibrant operad in the Cisinski-Moerdijk model structure is Σ-cofibrant and the cofibrant resolution of every operad provides a model for the corresponding notion of homotopy invariant algebraic structure; see [BM07] . Hence, the above theorem can be read as follows: a morphism of simplicial coloured operads is a Morita weak equivalence if and only if it induces a Quillen equivalence between the corresponding categories of homotopy invariant algebraic structures. Therefore, the Morita model structure on sOper provides a model for a homotopy theory of homotopy invariant algebraic structures.
The Morita model structure for dendroidal sets
Let Ω denote the category of trees introduced by Moerdijk-Weiss in [MW07] as an extension of the simplicial category ∆. The objects of Ω are (non-planar) rooted trees. Every tree T in Ω has an associated symmetric coloured operad Ω(T ), whose set of colours is the set of edges of T and whose operations are generated by the vertices of T . More explicitly, Ω(T ) is the free symmetric coloured operad on the coloured collection determined by T . The set of morphisms between two trees S and T is defined as Ω(S, T ) = Oper(Ω(S), Ω(T )).
The category dSets of dendroidal sets is the category of presheaves on Ω. Given a tree T , we denote by Ω[T ] the representable presheaf Ω(−, T ).
There is a fully faithful inclusion i : ∆ → Ω, where [n] is send to the linear tree with n vertices and n + 1 edges, which induces an adjunction By the same argument, the Quillen equivalence of Theorem 3.3 between the Morita model structure for quasicategories and the Morita model structure for simplicial categories can be recovered, by slicing over η, from the Quillen equivalence of Theorem 8.5.
The functor C d preserves and reflects all weak equivalences between normal dendroidal sets. This allows us to give a characterization of the weak equivalences between normal dendroidal sets in the Morita model structure, similarly as we did in Section 3 for quasicategories, as we now explain.
Given a simplicial operad O, we denote by Alg(O) the category of O-algebras in simplicial sets equipped with the projective model structure. Generalizing the covariant model structure on simplicial sets described by Lurie, Heuts proved in [Heu11, Theorem 2.3] that given a dendroidal set X the slice category dSets/X admits the covariant model structure, whose cofibrations are the normal monomorphisms and whose fibrant objects are the left fibrations A → X. Moreover, given a dendroidal set X there is an adjunction 
commutes up to natural isomorphism. The result follows from Theorem 7.12 and Theorem 8.7.
